We investigate the stability of a Helmholtz velocity profile in a stably stratified fluid when a lower boundary is present. In addition to the traditional Kelvin-Helmholtz interfacial instability we find an infinitude of unstable internal gravity waves, the most unstable of which bear a close resemblance to disturbances observed in connection with clear air turbulence. It is shown that the gravity wave instabilities result from the ability of an unstable shear layer to overreflect such waves (reflected amplitudes are greater than incident amplitudes). Overreflection at the shear layer is constantly fed by total reflection from the lower boundary. The growth rate of gravity wave instabilities depends markedly on the distance between the shear layer and the ground. A mechanism is suggested whereby gravity wave instability can lead to long-lived almost neutral shear layers.
INTRODUCTION
In an earlier paper [Lindzen, 1974] it was shown that a Helmholtz velocity profile in an infinite fluid with constant stable stratification throughout would sustain not only interfacial instabilities (Kelvin-Helmholtz instabilities) but also neutral internal gravity waves radiating energy away from the interface. Although Lindzen [1974] only investigated solutions with zero real phase speed, neutral radiating solutions with nonzero phase speed also exist which are continuations of Kelvin-Helmholtz instabilities at low wave numbers. In section 2 of this paper we will review and generalize these earlier results.
It was also noted by Lindzen [1974] that the existence of neutral internal gravity wave solutions was equivalent to the existence of infinite overreflection (i.e., outgoing energy with no incoming energy). The question of the reflection of gravity waves incident from below the shear zone is dealt with in detail in section 3. We find that all gravity waves with phase speeds between -t-U (see Figure 1) and wave numbers such that wave solutions are possible above and below the shear zone are overreflected (i.e., the amplitude of the reflected wave is greater than that of the incident wave). For phase speeds and wave numbers such that solutions are wavelike below the shear zone and exponential above we obtain total reflection (i.e., the amplitude of the reflected wave is equal to that of the incident wave), and for phase speeds outside (-U, +U) and wave numbers such that wavelike solutions exist both above and below the shear layer the reflection coefficient is less than 1. It is found that the neutral solutions of section 2 are indeed associated with infinite overreflection.
Finally, in the work by Lindzen [1974] it was suggested that overreflection might lead to instability in the presence of a rigid lower boundary. The point was simply that a wave overreflected at the shear layer would be totally reflected at the lower boundary and returned to the shear layer to be further overreflected. It is the main purpose of this paper to confirm this last suggestion. In section 4 the stability properties of a Helmholtz velocity profile in a constantly stratified fluid possessing a rigid lower boundary are investigated. It is found that for each k < N/U (where k is horizontal wave number, N is Brunt-V•iis•il•i frequency, and U is one half the velocity jump in the shear layer; see Figure 1 ) there exist one or more unstable solutions, the number of unstable modes approaching Copyright ¸ 1976 by the American Geophysical Union. infinity when k U/N < •. The real part of the vertical wave number is quantized by the distance between the shear layer and the ground. Indeed the presentation and analysis of our results are complicated by the fact that the stability properties depend not only on N, U, and k but also on the distance between the ground and shear layer. It is found that for each vertical mode number the greatest growth rate is closely associated with a neutral mode of the unbounded problem (except for the Kelvin-Helmholtz instabilities at large k). It is also found that (again apart from the Kelvin-Helmholtz instability) the vertical mode number associated with maximum instability is not necessarily the lowest one (i.e., about one-half vertical wavelength between the ground and the shear layer); rather it is that mode number whose vertical wavelength is closest to the vertical wavelength of the 'most efficient' neutral mod e discussed by Lindzen [1974] . ('Efficiency' in the work by Lind. zen [1974] referred to the ratio of energy flux away from the shear zone to amplitude of vertical displacement of the shear layer.) Consistent with this we find that those values of ground to shear layer distance for which the vertical quantization allows vertical wavelengths corresponding to the most efficient neutral waves are also associated with greater growth rates than other values of this distance. This behavior is remarkably suggestive of a laser.
In section 5 the relation between instability and overrefl ection is explored in detail. We show that for small growth rates (due either to small overreflection or a large distance between the shear layer and the ground) it is possible to accurately estimate growth rate on the basis of overreflection coefficient, vertical group velocity of the mode, and ground to shear layer distance. Such an approach, however, can greatly overestimate large[ growth rates. Section 6 deals with the relative importance of gravity wave and Kelvin-Helmholtz instabilities, while section 7 relates our results to some observed cases of clear air turbulence. Section 8 suggests how a relatively long-lived shear zone having RiCh' ardson number near 0.25 might be maintained through gravity waves. Section 9 briefly summarizes some of our results; it also discusses why previous studies may have missed the instabilities discussed in this paper and discusses some clear next steps in the investigation. 
If Ix •' is negative or has an imaginary part, then our solution in region (1) corresponds to that Ix which yields exponential decay with increasing z. If 1• •' is positive, we require the radiation condition which, as shown by Lindzen [1974] , requires that our solution behave as exp ilxz, where Ix is the positive root of (3). Similarly, in region 2, in an unbounded fluid we also require either exponential decay with decreasing z or for 1•.
•' > 0, the radiation condition. The latter requires solutions of the form exp il•.z, where 1: is the positive root of (4).
We will first review neutral solutions for which ct -0. It will prove useful for our discussion to distinguish four regions in (k, cr) space: In general, n• and na are complex if ct 9 0. The n• in (7) is chosen to be that root of (9a) with a lJositive real part. At the lower boundary we take wa(-H) = 0. Continuity of (2a) and ( It can also be shown that the Kelvin-Helmholtz instabilites, in the present case, would destroy shears more rapidly than the gravity wave instabilities. Although we shall return to this point in sections 7 and 8, we will omit details which for the most part can be found in the work by Lindzen [1974] . The main reason the gravity wave instabilities are of interest is that observed shear instabilities in the atmosphere appear to have wave numbers very close to those associated with the most unstable gravity waves, and layered structures extending far from the shear levels. For the present geometry, Kelvin-Helmholtz instabilities would tend to emphasize larger horizontal wave numbers for which exponential decay in z is much faster than for the gravity wave instabilities of lower k, as shown by Figures 4d and 5d .
The only feature of the present results which would suggest the prominence of the gravity wave instabilities is the fact that they decay away from the shear layer more slowly than the Kelvin-Helmholtz instability and hence would be observable over a larger region. Of more likely importance, however, is the fact that the present shear profile is highly unrealistic. In most observed situations the Richardson number is closer to 0.25 than to zero, the shear being distributed over a finite region. The existence of shear zones of finite thickness suppresses Kelvin-Helmholtz instabilities with large wave numbers (associated with horizontal scales small compared with the thickness of the shear zone). It was shown by Jones [1968] that overreflection exists for all Richardson numbers under 0.25; in section 5 we showed that the largest growth rates for gravity wave instabilities were associated with overreflection coefficients, Reft, which were less than infinite and which might therefore be associated with Richardson numbers greater than zero (zero corresponds to the Helmholtz velocity profile). It is conceivable that as the Richardson number (Ri) approaches 0.25 from below, the growth rate for Kelvin-Helmholtz instabilities might become less than that for the most unstable gravity wave, at least for certain values of it/(viz., Figure 6 ).
We are currently investigating this possibility.
There is a related possibility. Miles and Howard the observed wavelength independent of d. In this respect, it may prove correct to regard the observed instability as a continuation of the gravity wave instability, even though the gravity wave instability has a smaller growth rate at Ri = O.
SPECIFIC CASES
We return in this section to the four specific observed cases of shear instability discussed by Lindzen [1974] . In the work by Lindzen [1974] it was found that observed wavelengths were close to those of the most efficient waves. In the light of the results of section 4 the observed wavelengths must also be close to those of the most unstable gravity waves. In Table 1 we repeat the salient characteristics of the observed cases. For each of the four cases we have calculated detailed stability properties based on a Helmholtz velocity profile. The results for cases 2 and 3 were shown in section 4. In Table 2 we show results for all four cases pertaining to the most unstable (&t (= /•?•) maximum) gravity wave instability. Also shown for reference purposes are some results from the unbounded case reviewed in section 2. The agreement between calculated and observed horizontal wavelengths has already been noted. We also see that the crudely estimated lifetime for an unstable shear layer is reduced in the presence of a lower boundary.
These estimated lifetimes are, it should be noted, much shorter than observed lifetimes. We shall return to this point in section 8. Data are not available for comparison with the remaining quantities in Table 2 . However, in connection with case 3, Hardy et al. [1973] did report that the observed waves traveled somewhat slower than the mean velocity in the shear layer, consistent with our calculated value for cr/U of-0.104.
POSSIBLE EQUILIBRATION MECHANISM
It was noted in section 7 that lifetimes for unstable shear zones estimated by the crude approach of Lindzen [1974] were much shorter than observed lifetimes. In this section we will briefly suggest an explanation for the relatively long observed lifetimes. Booker and Bretherton [1967] showed that for Ri > ¬, internal gravity waves are essentially absorbed at critical levels. Lindzen [1968] showed that such absorption led to a sharpening of shears and suggested that this mechanism might produce unstable shear zones associated with clear air turbulence, at least in some cases. However, as Jones [1968] showed, when Ri < ¬, overreflection rather than absorption occurs at a critical level; and as we have shown in section 5, overreflection is always associated with instability when a lower boundary is present. Also, instability is generally associated with reduction of unstable shears. We may now envisage the following sequence of events:
1. An unstable shear zone is established, either by critical level absorption or by any other mechanism (upper level frontogenesis for example).
2. A gravity wave instability sets in involving overreflection at the shear layer and reflection at the lower bound- 4. That portion of the gravity wave instability reflected from the lower boundary is now absorbed at the shear layer, leading to a resharpening of the shear.
We suggest that relatively long lifetimes of unstable shear zones can result from the sequential repetition of items 1-4 above, with the initially unstable gravity wave serving to resharpen shears when the flow becomes slightly stable.
CONCLUSIONS AND SUGGESTIONS
We have shown in this paper that the overreflection of internal gravity waves from an unstable shear layer leads to the existence of a set (generally infinite) of unstable modes when a lower boundary is included. We refer to these as gravity wave instabilities. Although our explicit results are for a Helmholtz velocity profile, Jones's [1968] finding that overreflection exists whenever Ri < ¬ implies the existence of such instabilities for all unstable shear flows in stably stratified flows. Although these gravity wave instabilities bear close resemblance to observed instabilities, they tend, for the present geometry, to have smaller growth rates than the traditional Kelvin-Helmholtz instabilities. We are currently investigating whether this remains the case for smooth velocity profiles as Ri --, ¬ from below. In this connection one might ask why the infinitude of gravity wave instabilities have not been previously found. For 
